Introduction {#Sec1}
============

In this paper we are concerned with finite elements for shear deformable plates based on the Reissner--Mindlin model \[[@CR34], [@CR42]\]. A direct discretization of the equations leads to shear locking phenomena as the plate thickness becomes small. In the limit of zero thickness, the Kirchhoff assumption is enforced, where the shear strain vanishes and the deflection gradient equals the rotations. Over the last decades, a vast amount of different elements overcoming shear locking by different kinds of remedies has been proposed. In most standard, conforming finite element methods, the Kirchhoff constraint of vanishing shear stress is alleviated or modified in some way. An alternative are discontinuous Galerkin (DG) methods, mixed, or hybrid methods.

An example for the alleviation of the Kirchhoff constraint is the "assumed shear strain method" introduced by MacNeal \[[@CR33]\]. A special operator for the displacement--strain relation relying on local averaging is used, this approach was further developed by Refs. \[[@CR10], [@CR21], [@CR31]\]. In a further method referred to as "linked interpolation", the displacement gradient in the Kirchhoff constraint is augmented by a "kinematic linking operator". Pioneers in this field were Zienkiewicz et al. \[[@CR49]\] and Taylor and Auricchio \[[@CR47]\]. Auricchio and Lovadina \[[@CR9]\] provide an analysis of general linked-interpolation elements.

Other methods employ additional unknowns for the shear stress quantity, which allows to pose the Kirchhoff condition of vanishing shear in weak sense. Examples are the Falk--Tu element \[[@CR25]\] or the MITC element \[[@CR16]\]. In implementations, the further unknown can be eliminated element-wise, which leads to a projection of the shear stresses in the penalty term. This projection is referred to as "reduction" in \[[@CR16]\]. In some cases, it may be achieved by reduced integration of the shear term. This approach is analyzed minutely for the one-dimensional case of a thick beam in \[[@CR2]\]. Reduced integration is also used without the background of an additional shear stress unknown \[[@CR26], [@CR48]\], where care has to be taken to avoid spurious modes.

For MITC elements, error analysis has been provided; see e.g. the works by Brezzi et al. \[[@CR17]\], where additionally a postprocessing step for the deflections is proposed, or by Stenberg and Suri \[[@CR46]\] for an *hp* error analysis.

Nonconforming elements have been constructed by Arnold and Falk \[[@CR6]\], where Crouzeix--Raviart elements are used for the deflection. More recently, Brezzi and Marini \[[@CR18]\] developed a nonconforming element in the framework of discontinuous Galerkin methods. In both works, the shear strain is projected into a lower-order finite element space to alleviate the Kirchhoff constraint. Other DG approaches allow for a direct enforcement of the Kirchhoff constraint, as the rotation space can be chosen such that it contains the deflection gradient. Deflections, rotations and the shear are approximated using different continuity assumptions in \[[@CR5]\]. In \[[@CR14], [@CR27]\] DG methods for deflection and rotation without reduced integration techniques are presented. We also mention \[[@CR19]\] for a discontinuous Petrov--Galerkin method, where optimal test functions of higher polynomial order are chosen to suit the trial functions. A quadrilateral hybrid finite element method was introduced in \[[@CR20]\], where shear stress and bending moment are discontinuous and the corresponding finite element basis is constructed to satisfy a local equilibrium condition.

Hughes and Franca \[[@CR30]\] added an additional stabilization term to the variational equations. Also, Chapelle and Stenberg \[[@CR22]\] augmented the equations by a stabilization term, which then allows for an analysis ensuring an optimal order of convergence. An entirely different approach by Pontaza and Reddy \[[@CR41]\] is to use a least squares method instead of the standard Galerkin equations.

Mixed method with weak symmetry for the tensor of bending moments are proposed in \[[@CR11], [@CR12]\]. In both works, the bending moments are approximated in the normal-continuous space $\documentclass[12pt]{minimal}
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                \begin{document}$${\underline{\mathbf {H}}}(\mathbf {{div}})$$\end{document}$. Since symmetric $\documentclass[12pt]{minimal}
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                \begin{document}$${\underline{\mathbf {H}}}(\mathbf {{div}})$$\end{document}$-conforming elements are hard to construct and of high polynomial order \[[@CR8]\], imposing symmetry weakly using a Lagrange multiplier has often been proposed in the context of continuum mechanics, see e.g. \[[@CR4], [@CR7], [@CR44], [@CR45]\]. The continuum mechanics formulation used in the current paper overcomes this problem.

The plate elements proposed in the current paper are based on the "tangential-displacement normal-normal-stress" (TDNNS) formulation of elasticity introduced by the authors in \[[@CR38]\]. This leads to a formulation containing deflection, rotations and bending moments as separate unknowns. While the deflection is sought in the standard Sobolev space $\documentclass[12pt]{minimal}
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                \begin{document}$$H^1$$\end{document}$, the rotation is assumed to be in the less regular space $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {H}({\text {curl}})}$$\end{document}$. Additionally the TDNNS stress space $\documentclass[12pt]{minimal}
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                \begin{document}$${\underline{\mathbf {H}}({\text {div}}\,\mathbf {{div}})}$$\end{document}$ is chosen for the bending moments. Accordingly, we use standard continuous finite elements for the deflection, tangential continuous Nédélec elements for the rotations, and normal--normal continuous tensor valued elements from \[[@CR38]\] for the bending moments. The main benefit of this choice is that the gradient of the deflection space is a subset of the rotation space both for the infinite dimensional and for the finite element problem, and the Kirchhoff constraint of vanishing shear strain does not lead to locking. Thus, the proposed formulation seems to be a very natural alternative to the established ones based on $\documentclass[12pt]{minimal}
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                \begin{document}$$H^1$$\end{document}$ continuity and continuous finite elements. In \[[@CR39]\] the authors have shown that three-dimensional anisotropic TDNNS elements are suitable for the discretization of slim domains. The proposed Reissner--Mindlin plate elements show an optimal order of convergence, which is confirmed in our numerical results.

The proposed elements are closely related to the Hellan--Herrmann--Johnson \[[@CR28], [@CR29], [@CR32]\] element for the bending problem of a Kirchhoff plate. Also in the HHJ formulation, the normal--normal component of the bending moment is continuous across interfaces. As the Hellan--Herrmann--Johnson element is restricted to the biharmonic problem, the rotations are not treated independently as done in the current work. On the other hand, for vanishing thickness one can eliminate the rotations in the current formulation, and arrives at the HHJ plate formulation. Thus, the HHJ formulation may be seen as the limiting case of the proposed method. In \[[@CR24]\], Lagrangian multipliers for the normal--normal component of the bending moment are introduced. Postprocessing then leads to a faster convergence of the deflection gradient.

This work is organized as follows: in Sect. [2](#Sec2){ref-type="sec"}, the TDNNS method is shortly introduced and applied to the Reissner--Mindlin problem. An analysis of the infinite dimensional problem using the TDNNS spaces for positive as well as vanishing thickness is provided in Sect. [3](#Sec6){ref-type="sec"}. Finite elements are introduced in Sect. [4](#Sec9){ref-type="sec"}, and a-priori error estimates are provided. We mention hybridization of the bending moments by Lagrangian multipliers resembling the normal component of the rotation, which results after static condensation in a symmetric positive system matrix. Finally, Sect. [5](#Sec13){ref-type="sec"} contains numerical examples verifying the claimed convergence orders.

Problem formulation {#Sec2}
===================

Notation {#Sec3}
--------

In the following, all vectors are denoted by boldface letters, tensors are boldface and underlined. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega \subset \mathbb R^2$$\end{document}$ be a bounded, connected, polygonal Lipschitz domain. Its unit outward normal $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {n}$$\end{document}$ is defined almost everywhere on the boundary $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial \varOmega $$\end{document}$. The unit tangential vector in counter-clockwise direction $\documentclass[12pt]{minimal}
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                \begin{document}$${\varvec{\tau }}$$\end{document}$ is given as the rotation of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\varvec{\tau }}= \mathbf {n}^\bot = \left( \begin{array}{c}-n_y\\ n_x\end{array} \right) . \end{aligned}$$\end{document}$$For a vector field $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega $$\end{document}$, normal and tangential component on the boundary are denoted by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} v_n := \mathbf {v}\cdot \mathbf {n},\qquad \mathbf {v}_{\varvec{\tau }}= \mathbf {v}- v_n \mathbf {n}. \end{aligned}$$\end{document}$$For a tensor field of second order $\documentclass[12pt]{minimal}
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                \begin{document}$$\underline{\varvec{\sigma }}$$\end{document}$, its normal component is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \varvec{\sigma }_\mathbf {n}:= \underline{\varvec{\sigma }}\mathbf {n}$$\end{document}$. The normal component $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{\sigma }_\mathbf {n}$$\end{document}$ can further be split into a (scalar-valued) normal--normal component $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _{nn}$$\end{document}$ and a (vector-valued) normal--tangential component $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sigma _{nn} = \varvec{\sigma }_\mathbf {n}\cdot \mathbf {n}, \qquad \varvec{\sigma }_{\mathbf {n}{\varvec{\tau }}} = \varvec{\sigma }_\mathbf {n}- \sigma _{nn} \mathbf {n}. \end{aligned}$$\end{document}$$Rotation and divergence of a two-dimensional vector field shall be denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {div}}$$\end{document}$, respectively. The operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {{div}}$$\end{document}$ is the row-wise divergence operator, mapping tensor to vector fields.

For a general Hilbert space *V*, its inner product and norm are denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\Vert \cdot \Vert _V$$\end{document}$, respectively. The duality product between *V* and its dual $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \langle f, g \rangle = f(g) \qquad \forall f \in V^*, g \in V. \end{aligned}$$\end{document}$$Let $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2(\varOmega )$$\end{document}$ denote the usual Lebesgue space. Moreover, let $\documentclass[12pt]{minimal}
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                \begin{document}$$H^1(\varOmega )$$\end{document}$ be the usual Sobolev space of weakly differentiable functions, and let $\documentclass[12pt]{minimal}
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                \begin{document}$$H^1_0(\varOmega )$$\end{document}$ be the space of $\documentclass[12pt]{minimal}
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                \begin{document}$$H^1$$\end{document}$ functions satisfying zero boundary conditions. We also use the Sobolev spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$H^s(\varOmega )$$\end{document}$ for integer *s*. Moreover, $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {H}({\text {curl}},\varOmega )}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {H}_0({\text {curl}},\varOmega )}$$\end{document}$ shall be the spaces of vector-valued functions with weak rotation, the latter satisfying zero boundary conditions for the tangential component of the vector fields, see \[[@CR35]\].
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                \begin{document}$$H^{-1}(\varOmega )$$\end{document}$. It is well established \[[@CR13], Equation (10.4.52)\] that the dual space of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {H}_0({\text {curl}},\varOmega )}$$\end{document}$ is $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {H}^{-1}({\text {div}},\varOmega )}$$\end{document}$ being the space of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathbf {H}^{-1}({\text {div}},\varOmega )}= \{ \mathbf {f}\in \mathbf {H}^{-1}(\varOmega ): {\text {div}}\mathbf {f}\in H^{-1}(\varOmega )\} = ({\mathbf {H}_0({\text {curl}},\varOmega )})^* . \end{aligned}$$\end{document}$$The distributional divergence operator is defined by the relationship$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \langle {\text {div}}\,\mathbf {f}, w\rangle = -\langle \mathbf {f}, \nabla w\rangle \qquad \forall w \in C^\infty _0(\varOmega ). \end{aligned}$$\end{document}$$Using this definition, a natural norm of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega $$\end{document}$, the domain can also be omitted. We thus write $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega $$\end{document}$, the domain must be indicated as above.

The TDNNS method {#Sec4}
----------------

In \[[@CR38], [@CR39]\] we introduced the tangential-displacement normal-normal-stress (TDNNS) method for elasticity, and refined the analysis in \[[@CR40]\]. In the current section, we briefly cover the main idea of the TDNNS method for elasticity problems in the two-dimensional continuum, as the proposed Reissner--Mindlin elements will be based on this method.
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                \begin{document}$$\partial \varOmega $$\end{document}$. The displacement vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\underline{\varvec{\sigma }}\in \mathbb R^{2\times 2}_{sym}$$\end{document}$ are connected via Hooke's law ([9](#Equ9){ref-type=""}) and the equilibrium equation ([10](#Equ10){ref-type=""})$$\documentclass[12pt]{minimal}
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                \begin{document}$$\underline{\varvec{\varepsilon }}(\mathbf {u}) = \frac{1}{2} (\nabla \mathbf {u}+ (\nabla \mathbf {u})^T)$$\end{document}$. Stress and strain are connected via the compliance tensor $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {u}$$\end{document}$ is approximated by a continuous finite element function.

On the other hand, the dual Hellinger--Reissner formulation is obtained directly from system ([9](#Equ9){ref-type=""}), ([10](#Equ10){ref-type=""}) when multiplying with test functions and using integration by parts,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _\varOmega \underline{\mathbf {A}}\underline{\varvec{\sigma }}: \underline{\varvec{\tau }}\, dx + \int _\varOmega \mathbf {{div}}\underline{\varvec{\tau }}\cdot \mathbf {u}\, dx&= 0&\forall \underline{\varvec{\tau }}\in \underline{\mathbf {H}}_{sym}(\mathbf {{div}}), \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {L}^2$$\end{document}$ for the displacement. In a conforming finite element method, the displacement elements can be totally discontinuous, while the stress elements need to be tensor-valued symmetric and normal-continuous. These requests lead to computationally expensive finite elements of at least 24 degrees of freedom in two dimensions (see \[[@CR8]\]) and 162 degrees of freedom in three dimensions (see \[[@CR1], [@CR3]\]).

The TDNNS formulation is "in between" those two concepts, where the displacements are not assumed totally continuous or discontinuous, but where the tangential component is assumed to be continuous across element borders. In a mathematical setting, the displacement space is chosen as$$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {H}_0({\text {curl}})}$$\end{document}$. Due to ([5](#Equ5){ref-type=""}), the stress space is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \mathbf {{div}}\underline{\varvec{\tau }}, \mathbf {v}\rangle $$\end{document}$, where the divergence of a stress tensor is applied to a displacement field, plays an important role in the TDNNS method. In \[[@CR40]\] we elaborated on the meaning of the duality product $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {v}$$\end{document}$ smooth with vanishing tangential component $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial \varOmega $$\end{document}$, the duality product can be evaluated by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \langle \mathbf {{div}}\underline{\varvec{\tau }}, \mathbf {v}\rangle = -\int _\varOmega \underline{\varvec{\tau }}: \underline{\varvec{\varepsilon }}(\mathbf {v})\,dx + \int _{\partial \varOmega } \tau _{nn} v_n\, ds. \end{aligned}$$\end{document}$$A natural norm of the stress space $\documentclass[12pt]{minimal}
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                \begin{document}$${\underline{\mathbf {H}}({\text {div}}\,\mathbf {{div}})}$$\end{document}$ uses this duality product and is given by, see \[[@CR40]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {H}({\text {curl}})}$$\end{document}$ have to be tangential continuous, such as Nédélec elements introduced in \[[@CR36], [@CR37]\]. In \[[@CR38]\] it was shown that finite elements for the stress space $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{\sigma }_\mathbf {n}$$\end{document}$ is continuous across element borders.

One obtains a variational problem of a form similar to the dual problem ([13](#Equ13){ref-type=""})--([14](#Equ14){ref-type=""}),$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _\varOmega \underline{\mathbf {A}}\underline{\varvec{\sigma }}: \underline{\varvec{\tau }}\,dx + \langle \mathbf {{div}}\underline{\varvec{\tau }}, \mathbf {u}\rangle&= 0&\forall \underline{\varvec{\tau }}\in {\underline{\mathbf {H}}({\text {div}}\,\mathbf {{div}})}, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \langle \mathbf {{div}}\underline{\varvec{\sigma }}, \mathbf {v}\rangle&= \int _\varOmega \mathbf {f}\cdot \mathbf {v}\,dx&\forall \mathbf {v}\in {\mathbf {H}_0({\text {curl}})}. \end{aligned}$$\end{document}$$In a finite element method, it is necessary to evaluate duality products of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \mathbf {{div}}\underline{\varvec{\tau }}, \mathbf {v}\rangle $$\end{document}$ for piecewise smooth functions with $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {v}_{\varvec{\tau }}$$\end{document}$ continuous on a finite element mesh $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal T = \{T\}$$\end{document}$. In this case, the definition from ([17](#Equ17){ref-type=""}) can be extended to$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \langle \mathbf {{div}}\underline{\varvec{\tau }}, \mathbf {v}\rangle= & {} \sum _{T \in \mathcal T} \Big ( \int _T \mathbf {{div}}\underline{\varvec{\tau }}\cdot \mathbf {v}\,dx - \int _{\partial T} {\varvec{\tau }}_{\mathbf {n}{\varvec{\tau }}} \cdot \mathbf {v}_{\varvec{\tau }}\,ds \Big ) \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}= & {} -\sum _{T \in \mathcal T} \Big ( \int _T \underline{\varvec{\tau }}: \underline{\varvec{\varepsilon }}(\mathbf {v})\,dx - \int _{\partial T} \tau _{nn} \cdot v_n\,ds \Big ), \end{aligned}$$\end{document}$$It was shown (see \[[@CR38], [@CR40]\]) that the infinite dimensional problem ([19](#Equ19){ref-type=""}), ([20](#Equ20){ref-type=""}) is well posed. Moreover, a stable family of mixed finite elements was constructed, using Nédélec's elements for the displacement space and a new family of tensor-valued symmetric normal--normal continuous elements for the stress space. The two-dimensional mixed finite elements shall be used in the Reissner--Mindlin elements proposed in this work.

Reissner--Mindlin model {#Sec5}
-----------------------
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                \begin{document}$$\varOmega \subset \mathbb R^2$$\end{document}$ be a bounded, connected domain with Lipschitz boundary $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial \varOmega $$\end{document}$. We consider a plate of thickness *t* corresponding to the three-dimensional domain $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega \times (-t/2,t/2)$$\end{document}$. In the Reissner--Mindlin model, the displacement vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbf {u}= \left( \begin{array}{c}-z\theta _1\\ -z\theta _2\\ w\end{array} \right) , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{\theta }= (\theta _1, \theta _2)$$\end{document}$ are rotations and *w* is the deflection in vertical *z* direction. Both the rotations $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{\theta }$$\end{document}$ and the deflection *w* are assumed to depend on the in-plane coordinates $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {f}= (0,0,t^2 g)^T \in {\mathbf {L}}^2$$\end{document}$ to be given, the Reissner--Mindlin problem for a clamped plate is to find the deflection *w* and rotations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\theta }$$\end{document}$ such that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} -\mathbf {{div}}( \underline{\mathbf {C}}_b\underline{\varvec{\varepsilon }}(\varvec{\theta })) - \mu t^{-2}(\nabla w - \varvec{\theta })&= 0&\text{ in } \varOmega , \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} -\mu t^{-2}{\text {div}}(\nabla w - \varvec{\theta })&= g&\text{ in } \varOmega , \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varvec{\theta }&= 0&\text{ on } \partial \varOmega , \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} w&= 0&\text{ on } \partial \varOmega . \end{aligned}$$\end{document}$$Here $\documentclass[12pt]{minimal}
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                \begin{document}$$\underline{\mathbf {C}}_b$$\end{document}$ is the tensor of bending moduli and $\documentclass[12pt]{minimal}
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                \begin{document}$$k_s$$\end{document}$, which depend on Young's modulus *E* and Poisson's ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \underline{\mathbf {C}}_b= \frac{E}{12(1-\nu ^2)}\left( \begin{array}{ccc} 1 &{}\quad \nu &{}\quad 0 \\ \nu &{}\quad 1 &{}\quad 0 \\ 0 &{}\quad 0 &{}\quad \frac{1-\nu }{2} \end{array} \right) ,\qquad \mu = \frac{k_s E}{2(1+\nu )}. \end{aligned}$$\end{document}$$Additionally, we provide the compliance tensor $\documentclass[12pt]{minimal}
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                \begin{document}$$\underline{\mathbf {A}}_b= \underline{\mathbf {C}}_b^{-1}$$\end{document}$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \underline{\mathbf {A}}_b= \underline{\mathbf {C}}_b^{-1} = \frac{12}{E}\left( \begin{array}{ccc} 1 &{}\quad -\nu &{}\quad 0 \\ -\nu &{}\quad 1 &{}\quad 0 \\ 0 &{}\quad 0 &{}\quad 2(1+\nu ) \end{array} \right) . \end{aligned}$$\end{document}$$Of course, other boundary conditions such as simply supported or free boundaries, or boundary tractions and moments, may be prescribed. Although the analysis of the proposed finite element formulation is done for the clamped case for sake of simplicity, we shall comment shortly on the implementation of other boundary conditions in the end of the current section. We will see that all common types of boundary conditions can be treated in a very natural way.

As in the continuum problem in Sect. [2.2](#Sec4){ref-type="sec"}, a primal, displacement-based variational formulation of the Reissner--Mindlin problem ([24](#Equ24){ref-type=""})--([27](#Equ27){ref-type=""}) can be obtained directly. Both the rotations $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{\theta }$$\end{document}$ and the deflection *w* are assumed weakly differentiable, with $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{\theta }\in \mathbf {\Theta }_{prim} = \mathbf {H}^1_0$$\end{document}$ and $\documentclass[12pt]{minimal}
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The analysis of system ([35](#Equ35){ref-type=""}), ([36](#Equ36){ref-type=""}) is subject of Sect. [3](#Sec6){ref-type="sec"}, while a finite element method is constructed and analyzed in Sect. [4](#Sec9){ref-type="sec"}.

Analysis of the TDNNS Reissner--Mindlin formulation {#Sec6}
===================================================
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### Lemma 4 {#FPar8}
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The next two lemmas provide stability estimates for the bilinear forms in the *t*-dependent norms $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert \underline{\mathbf {m}},\varvec{\gamma }\Vert _{\underline{\mathbf {M}}\times \mathbf {\Gamma },t}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert \varvec{\theta },w\Vert _{\mathbf {\Theta }\times W,t}$$\end{document}$. These estimates are used to ensure existence and uniqueness of a solution and to obtain a stability estimate not deteriorating with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t \rightarrow 0$$\end{document}$. The proof of Lemma [5](#FPar10){ref-type="sec"} is straightforward in the manner of the proof of Lemma [2](#FPar3){ref-type="sec"}:

### Lemma 5 {#FPar10}

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t>0$$\end{document}$, the bilinear form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_t: (\underline{\mathbf {M}}\times \mathbf {\Gamma })\times (\underline{\mathbf {M}}\times \mathbf {\Gamma })$$\end{document}$ is bounded, for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\underline{\mathbf {m}},\underline{\varvec{\tau }}\in \underline{\mathbf {M}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\gamma },\varvec{\delta }\in \mathbf {\Gamma }$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} a_t(\underline{\mathbf {m}},\varvec{\gamma };\underline{\varvec{\tau }},\varvec{\delta }) \le \bar{\alpha }\Vert \underline{\mathbf {m}},\varvec{\gamma }\Vert _{\underline{\mathbf {M}}\times \mathbf {\Gamma },t}\Vert \underline{\varvec{\tau }},\varvec{\delta }\Vert _{\underline{\mathbf {M}}\times \mathbf {\Gamma },t}. \end{aligned}$$\end{document}$$It is coercive on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {Ker}}(B)$$\end{document}$, for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\underline{\mathbf {m}},\varvec{\gamma }) \in {\text {Ker}}(B)$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} a_t(\underline{\mathbf {m}},\varvec{\gamma };\underline{\mathbf {m}},\varvec{\gamma }) \ge \underline{\alpha } \Vert \underline{\mathbf {m}},\varvec{\gamma }\Vert _{\underline{\mathbf {M}}\times \mathbf {\Gamma },t}^2. \end{aligned}$$\end{document}$$The constants $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{\alpha }$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\underline{\alpha }$$\end{document}$ are independent of the thickness *t*.

### Lemma 6 {#FPar11}
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For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t>0$$\end{document}$, problem ([42](#Equ42){ref-type=""}), ([43](#Equ43){ref-type=""}) has a unique solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\underline{\mathbf {m}}\in \underline{\mathbf {M}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w \in W$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\theta }\in \mathbf {\Theta }$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\gamma }\in \mathbf {\Gamma }$$\end{document}$, which is bounded as below$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert \underline{\mathbf {m}}\Vert _{{\underline{\mathbf {H}}({\text {div}}\,\mathbf {{div}})}} + \Vert \varvec{\gamma }\Vert _{{\mathbf {H}}^{-1}({\text {div}})} + t\Vert \varvec{\gamma }\Vert _{{\mathbf {L}}^2} + \Vert \varvec{\theta }\Vert _{{\mathbf {H}({\text {curl}})}} + \Vert w\Vert _{H^1} \le c \Vert g\Vert _{H^{-1}} \end{aligned}$$\end{document}$$where *c* is a generic constant independent of *t*.

### Proof {#FPar14}

Again, we use the statement of \[[@CR13], Theorem 4.2.3\], where coercivity (Lemma [5](#FPar10){ref-type="sec"}) and inf-sup stability (Lemma [6](#FPar11){ref-type="sec"}) ensure the existence and stability of a unique solution. Note that, for the solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\underline{\mathbf {m}}\in \underline{\mathbf {M}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w \in W$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\theta }\in \mathbf {\Theta }$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\gamma }\in \mathbf {\Gamma }$$\end{document}$, there holds $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\gamma }= \mu t^{-2} (\nabla w - \varvec{\theta })$$\end{document}$. Thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\Vert \varvec{\gamma }\Vert _{{\mathbf {L}}^2} = t^{-1}\Vert \nabla w - \varvec{\theta }\Vert _{{\mathbf {L}}^2}$$\end{document}$, which ensures the estimate$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert \underline{\mathbf {m}}\Vert _{{\underline{\mathbf {H}}({\text {div}}\,\mathbf {{div}})}} + t\Vert \varvec{\gamma }\Vert _{{\mathbf {L}}^2} + \Vert \varvec{\theta }\Vert _{{\mathbf {H}({\text {curl}})}} + \Vert w\Vert _{H^1} \le c \Vert g\Vert _{H^{-1}}. \end{aligned}$$\end{document}$$We add the bound on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert \varvec{\gamma }\Vert _{{\mathbf {H}}^{-1}({\text {div}})}$$\end{document}$: since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {H}}^{-1}({\text {div}})$$\end{document}$ is dual to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {\Theta }= {\mathbf {H}}({\text {curl}})$$\end{document}$ and the solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\gamma }$$\end{document}$ satisfies the variational equation ([38](#Equ38){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v = 0$$\end{document}$ we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert \varvec{\gamma }\Vert _{{\mathbf {H}}^{-1}({\text {div}})} = \sup _{\varvec{\eta }\in \mathbf {\Theta }} \frac{\langle \varvec{\gamma }, \varvec{\eta }\rangle }{\Vert \varvec{\eta }\Vert _{\mathbf {\Theta }}} = \sup _{\varvec{\eta }\in \mathbf {\Theta }} \frac{\langle \mathbf {{div}}\underline{\mathbf {m}}, \varvec{\eta }\rangle }{\Vert \varvec{\eta }\Vert _{\mathbf {\Theta }}} \le \Vert \underline{\mathbf {m}}\Vert _{\underline{\mathbf {M}}}. \end{aligned}$$\end{document}$$Thus, the statement of the theorem is shown.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Finite elements {#Sec9}
===============
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Theorem 3 {#FPar15}
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Discrete stability {#Sec10}
------------------
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The stability analysis is similar to the analysis of the infinite dimensional problem for positive thickness presented in Sect. [3.2](#Sec8){ref-type="sec"}.

### Lemma 7 {#FPar16}
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### Proof {#FPar17}
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### Lemma 8 {#FPar18}
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Boundedness is clear from the discrete boundedness of the divergence operator, see Theorem [3](#FPar15){ref-type="sec"}.

The discrete inf-sup condition is shown in the same manner as in the infinite dimensional case in Theorem [2](#FPar13){ref-type="sec"}. The arguments shall not be repeated here, but only shortly commented on.

We use the discrete inf-sup stability of the divergence operator from Theorem [3](#FPar15){ref-type="sec"}. As in Theorem [2](#FPar13){ref-type="sec"}, we set $\documentclass[12pt]{minimal}
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A-priori error estimates {#Sec11}
------------------------

To get a-priori error estimates, it is necessary to have interpolation error estimates. We use the standard nodal interpolation operator $\documentclass[12pt]{minimal}
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We can now venture to show a convergence result of the proposed finite element method.

### Theorem 4 {#FPar19}
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### Proof {#FPar20}

Since the finite element method is slightly nonconforming, $\documentclass[12pt]{minimal}
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Hybridization {#Sec12}
-------------

To avoid the implementation of normal--normal continuous finite elements and an indefinite system matrix, a hybridization technique in the spirit of \[[@CR13], Chapter 7.1\] was mentioned in \[[@CR38]\] and analyzed in \[[@CR43]\]. Here, the normal--normal continuity of the tensor of bending moments is broken and imposed by Lagrangian multipliers defined on element edges. The Lagrangian multipliers resemble the normal component of the rotation $\documentclass[12pt]{minimal}
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Numerical example {#Sec13}
=================

Clamped square plate {#Sec14}
--------------------

The first example is taken from \[[@CR23]\], where the solution is known analytically. We consider a clamped square plate $\documentclass[12pt]{minimal}
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Square plate with hole {#Sec15}
----------------------

In the second example, we consider a square plate of dimensions $\documentclass[12pt]{minimal}
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An initial mesh consisting of 56 elements of mesh size approximately $\documentclass[12pt]{minimal}
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                \begin{document}$$\underline{\mathbf {m}}_{yy}$$\end{document}$ are depicted in Figs. [5](#Fig5){ref-type="fig"} and [6](#Fig6){ref-type="fig"}, respectively. Note that in Fig. [5](#Fig5){ref-type="fig"}, different scales are used for the original plate and the zoom to the interior hole, such that the steep gradient of the bending moment becomes visible.
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